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Let the ﬁnite group G = AB be the mutually permutable product
of the subgroups A and B and let F be a Fitting class. Then
the F-radicals AF and BF of the factors A and B are mutually
permutable. Using this, we also prove the inclusion G ′ ∩ AF BF 
GF , which generalizes the fact that A ∈ F and B ∈ F implies
G ′ ∈F .
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1. Introduction
Recall that two subgroups A and B of a group G are said to permute if AB = B A, that is if AB
is a subgroup of G . Following Carocca [9], we say that the group G = AB is the mutually permutable
product of A and B if A permutes with every subgroup of B and B permutes with every subgroup
of A. If in addition every subgroup of A permutes with every subgroup of B , then G is called the
totally permutable product of A and B . Within the framework of factorized ﬁnite groups (and in the
following, we consider only ﬁnite groups), these kinds of products have been widely investigated (cf.
[1–4,11,12]).
Since the concept of mutually permutable products is more general than that of products of normal
subgroups (normal products for short), it is natural to study mutually permutable products in the
context of Fitting classes (by deﬁnition, these classes of groups are closed under forming normal
products and taking subnormal subgroups). First results in this direction have been obtained in [5,6,8].
There are easy examples which show that in general containment of a mutually permutable product
in a Fitting class F does not imply containment of the factors in F and vice versa. Nevertheless,
mutually permutable products behave almost like normal products with respect to Fitting classes.
Beidleman and Heineken proved that the commutator subgroups A′ and B ′ of A and B , respectively,
are subnormal in the mutually permutable product G = AB (cf. [6, Theorem 1]). Therefore:
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B and let F be a Fitting class. If G ∈ F , then A′ ∈ F and B ′ ∈ F .
As shown in [8], the dual statement to Theorem 1 also holds, that is:
Theorem 2. (See [8, Corollary].) Let G = AB be the mutually permutable product of the subgroups A and B
and let F be a Fitting class. If A ∈ F and B ∈ F , then G ′ ∈ F .
In this paper, we study the behavior of F -radicals associated to a Fitting class F in mutually
permutable products, which leads to extensions of Theorems 1 and 2. Recall that the F -radical HF
of a group H is the largest normal subgroup of H contained in F (cf. [10, II Lemma (2.9)]). As a ﬁrst
step, we note that A′ ∩ GF  AF and B ′ ∩ GF  BF in every mutually permutable product G = AB ,
since A′ and B ′ are subnormal subgroups of G . Of course, these inclusions are a generalization of
Theorem 1.
In the present paper, we show that Theorem 2 can be generalized in a similar way, namely G ′ ∩
〈AF , BF 〉 GF . To this end, we ﬁrst study the group 〈AF , BF 〉 and show that actually 〈AF , BF 〉 =
AF BF .
Theorem A. Let G = AB be the mutually permutable product of the subgroups A and B and let F be a Fitting
class. Then AF and BF are mutually permutable; in particular, AF BF is a subgroup of G.
Using Theorem A, we are in the position to prove the mentioned inclusion G ′ ∩ AF BF  GF ,
which extends Theorem 2 and dualizes A′ ∩ GF  AF and B ′ ∩ GF  BF .
Theorem B. Let G = AB be the mutually permutable product of the subgroups A and B and let F be a Fitting
class. Then G ′ ∩ AF BF is a subnormal subgroup of G contained in F ; in particular, G ′ ∩ AF BF  GF .
As mentioned before, all groups considered in this paper are ﬁnite. We refer the reader to [10] for
notation, terminology and basic results on Fitting classes.
2. Preliminary results
In this section, we present a structural result on mutually permutable products which will be used
to prove our main theorems.
First of all, we start with an auxiliary lemma that is easy to check.
Lemma. Let G be a group, π ⊆ P a set of primes and H a subnormal subgroup of G with π -index |G : H|.
Then Oπ (H) = Oπ (G).
Now we are in the position to show the mentioned structural result.
Theorem C. Let A and B be mutually permutable subgroups of a group G and let π ⊆ P be a set of primes
where p does not divide q − 1 for any p,q ∈ π . Then Oπ ′ (A) is subnormal in AOπ ′ (B).
Proof. We set A˜ = Oπ ′ (A)(A ∩ B) and B˜ = Oπ ′ (B)(A ∩ B) and obtain two mutually permutable sub-
groups by [6, Lemma 1]. Our aim is to show that
A˜ A˜ B˜.
Then Oπ
′
(A), being normal in A˜, is subnormal in A˜ B˜ and of course normal in A. By a result of Maier
[14] and Wielandt [15] (cf. [13, Theorem 7.7.1]), we conclude that Oπ
′
(A) is also subnormal in the
product A( A˜ B˜) = AOπ ′(B), as required.
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to deduce Oπ
′
( A˜) = Oπ ′(A). Analogously, we obtain Oπ ′ (B˜) = Oπ ′ (B). So we have two mutually
permutable subgroups A˜ and B˜ satisfying A˜ = Oπ ′( A˜)( A˜ ∩ B˜) and B˜ = Oπ ′ (B˜)( A˜ ∩ B˜). In order to see
A˜ A˜ B˜ , we may therefore assume w.l.o.g.
A = A˜ = Oπ ′ (A)(A ∩ B),
B = B˜ = Oπ ′(B)(A ∩ B)
(∗)
and of course G = AB .
To prove the subnormality of A in G = AB , we introduce the following normal subgroups of G:
N = (A ∩ B)G
and R = AN NBN .
Here, AN and BN denote the nilpotent residuals of A and B , respectively. The subnormality of A will
be obtained in three steps.
(1) A AN:
First, we show that Oπ (A ∩ B) is normal in G . Let x ∈ B be a π -element. Since A and B are
mutually permutable, A〈x〉 ∩ B = (A ∩ B)〈x〉 is a subgroup of G and A ∩ B a subnormal subgroup (cf.
[6, Theorem 1]) with π -index in (A ∩ B)〈x〉. By the lemma, we obtain
Oπ (A ∩ B) = Oπ ((A ∩ B)〈x〉) (A ∩ B)〈x〉.
Thus x and therefore Oπ
′
(B) = 〈x ∈ B | x π-element〉 normalizes Oπ (A ∩ B), and the same is true for
Oπ
′
(A) by symmetry. We deduce
Oπ (A ∩ B) Oπ ′ (A)(A ∩ B)Oπ ′(B) (∗)= AB = G,
as stated above. Being generated by subnormal π -subgroups, N/Oπ (A ∩ B) is a π -group itself.
Furthermore, by [6, Lemma 1], A and B have the cover-avoidance property in the sense of [10,
A Deﬁnition (10.8)]. Here, A centralizes every π -chief factor of G that it avoids: Let H/K be such a
chief factor and suppose it is not centralized by A. It follows from Lemmas 1 and 2 of [6] that H/K
is cyclic and centralized by B . Having an index in G which divides q− 1 for the prime |H/K | = q ∈ π ,
the centralizer CG(H/K ) contains also every π -element of G due to the choice of π . This yields
G = AB (∗)= Oπ ′ (A)B = CG(H/K ), which contradicts the hypothesis A  CG(H/K ).
Now we consider a series Oπ (A∩ B) = Kr  Kr−1 · · · K1 = N , where all Ki/Ki+1 are (π -)chief
factors of G . If Ki/Ki+1 is avoided by A, then it centralizes AKi+1/Ki+1 as seen before, whence
AKi+1/Ki+1 (AKi+1/Ki+1)(Ki/Ki+1) = AKi/Ki+1
and AKi+1 AKi . Otherwise, A covers Ki/Ki+1, that is AKi+1 = AKi . In every case, we have AKi+1
AKi for all i, which leads to the series
A = AKr  AKr−1 · · · AK1 = AN
and hence to the subnormality of A in AN .
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Since the normal subgroup N contains the intersection A ∩ B , one can easily deduce from [6,
Lemma 1] that AN/N and BN/N are totally permutable. In a totally permutable product, one factor
centralizes the nilpotent residual of the other factor (cf. [7, Theorem 1]). In particular, we have
G/N  (AN/N)N (BN/N)N = AN NBN /N = R/N,
so R is a normal subgroup of G . Another application of [7, Theorem 1] yields
AN/N  (AN/N)(BN/N)N = AR/N,
that is AN  AR .
(3) AR  G:
It is clear that A/(R ∩ A) and B/(R ∩ B) possess normal Hall π -subgroups, since AN and BN
are contained in R . But due to the equalities (∗), there cannot exist normal subgroups of A or B
containing A ∩ B with nontrivial π ′-factor groups. Thus AR/R and BR/R are π -groups, and the same
is true for their product G/R .
Arguing as in (1), we obtain that A covers or centralizes every (π -)chief factor Ki/Ki+1 of G in a
series R = Kr  Kr−1 · · · K1 = G , whence AKi+1 AKi for all i. We deduce
AR = AKr  AKr−1 · · · AK1 = G
and AR  G .
Combining our three steps, we have that A is subnormal in G . As mentioned at the beginning, this
proves the theorem. 
Remarks. (a) Let p ∈ P be a prime. The set π = {p} fulﬁlls the condition of Theorem C, thus we have
O p
′
(A) AO p
′
(B)
for any two mutually permutable subgroups A and B of a group G and any prime p ∈ P.
(b) Of course, there exist mutually permutable products G = AB where A is not subnormal in G .
Taking the set π of all prime divisors of |G| for such a group G , we see that in general the result
Oπ
′
(A) AOπ
′
(B) is not true for an arbitrary set of primes π ⊆ P.
3. Proofs of the main results
Proof of TheoremA. First, we show that AF BF  G . To this end, we assume that there exist mutually
permutable products G = AB where AF BF is not a subgroup of G and choose a counterexample with
|G| + |A||B| minimal. Then the following holds:
(1) A = AF (A ∩ B) and B = BF (A ∩ B):
The subgroups AF (A ∩ B) and B are mutually permutable by [6, Lemma 1]. So if AF (A ∩ B)  A,
then
(
AF (A ∩ B)
)
F BF  G
by the choice of G . Since AF (A ∩ B) is subnormal in A (cf. [6, Theorem 1]), we have (AF (A ∩ B))F =
AF (A ∩ B) ∩ AF = AF . Consequently,
AF BF =
(
AF (A ∩ B)
)
F BF  G,
which contradicts the choice of G . Therefore A = AF (A ∩ B), and B = BF (A ∩ B) by symmetry.
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We set J = 〈AF , BF 〉 and deduce from [6, Lemma 1] that the subgroups J ∩ A and J ∩ B are
mutually permutable. So if J  G , then
( J ∩ A)F ( J ∩ B)F  G
by the choice of G . Since J is normal in 〈 J , A ∩ B〉 (1)= G , it follows that ( J ∩ A)F = J ∩ AF = AF and
( J ∩ B)F = BF . Hence
AF BF = ( J ∩ A)F ( J ∩ B)F  G,
a contradiction. Therefore J = G = 〈AF , BF 〉.
Moreover, there exist subgroups L and M in every mutually permutable product G = AB with the
following properties (cf. [8, Theorem 2]):
(i) A′  L  A, B ′  M  B ,
(ii) A ∩ B = L ∩ M ,
(iii) L,M  G ,
(iv) G ′  LB ∩ AM = LM .
In our minimal counterexample, we have:
(3) LF MF = (LM)F  G:
By (1), L
(1)= L ∩ AF (A ∩ B) = (L ∩ AF )(A ∩ B) = LF (A ∩ B), where the last equality holds since
L A. Bearing in mind that L,M  G , we deduce
LF MF = LF
(
M ∩ (LM)F
)= LF M ∩ (LM)F = LF (A ∩ B)M ∩ (LM)F
= LM ∩ (LM)F = (LM)F char LM  G,
thus LF MF = (LM)F  G .
(4) G/LF MF is nilpotent:
First notice that AF MF = AF LF MF is a subgroup of G since LF MF  G . In addition, we see
M = MF (A ∩ B) as in (3) and obtain
AF MF  AF (A ∩ B)MF (1)= AM.
We know that also LM  AM , hence
[LM, AF MF ] LM ∩ AF MF = (LM ∩ AF )MF
= (LM ∩ A ∩ AF )MF = (L ∩ AF )MF = LF MF .
Consequently, AF centralizes LM/LF MF , and the same is true for BF by symmetry. Since G
(2)=
〈AF , BF 〉, we have [G, LM] LF MF and of course G ′  LM , which implies that G/LF MF is nilpo-
tent.
(5) G/LF MF is a p-group for a prime p ∈ P:
For every prime q ∈ P, we set G(q) = GqLF MF  G , where Gq is a Sylow q-subgroup of G . Note
that the deﬁnition of G(q) does not depend on the special choice of Gq ∈ Sylq(G), as G/LF MF is
nilpotent. Suppose that G(q)  G for every prime q ∈ P. Then
(
G(q) ∩ A) (G(q) ∩ B)  GF F
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G/LF MF is nilpotent, we have G(q) G , thus (G(q)∩ A)F = G(q)∩ AF and (G(q)∩ B)F = G(q)∩ BF .
Consequently,
(
G(q) ∩ AF
)(
G(q) ∩ BF
)
 G
for every prime q ∈ P. But notice the following facts:
(i) (G(q) ∩ AF )(G(q) ∩ BF ) permutes with (G(p) ∩ AF )(G(p) ∩ BF ) for primes q 	= p:
The reason is that the quotients of these products modulo LF MF are a q- and a p-group, respec-
tively, so they centralize each other due to the nilpotency of G/LF MF .
(ii) G(q) ∩ AF permutes with G(p) ∩ BF for primes q 	= p:
We deduce permutability of (G(q) ∩ AF )MF and LF (G(p) ∩ BF ) as in (i) and obtain
G 
(
G(q) ∩ AF
)
MF LF
(
G(p) ∩ BF
)
= (G(q) ∩ AF
)
LF MF
(
G(p) ∩ BF
)
= (G(q) ∩ AF
)(
G(p) ∩ BF
)
.
(iii) AF =∏q∈P(G(q) ∩ AF ) and BF =
∏
q∈P(G(q) ∩ BF ):
This follows at once from the deﬁnition and the normality of G(q).
All together, we conclude
G
(i)

∏
q∈P
(
G(q) ∩ AF
)(
G(q) ∩ BF
)
(ii)=
∏
q∈P
(
G(q) ∩ AF
)∏
q∈P
(
G(q) ∩ BF
)
(iii)= AF BF ,
which contradicts the choice of G . Therefore, there exists a prime p ∈ P with G(p) = G = GpLF MF ,
and G/LF MF is a p-group.
(6) A = O p′ (A)(A ∩ B) and B = O p′ (B)(A ∩ B):
A/(LF MF ∩ A) is a p-group by (5). Taking into account that A ∩ B  G (cf. [6, Theorem 1]),
we obtain LF MF ∩ A = LF (MF ∩ A) = LF (MF ∩ A ∩ B) = LF (A ∩ B)F = LF , so we have AF =
O p
′
(AF )LF . Using the subnormality of A ∩ B again, one can easily deduce O p′ (AF )  (O p′ (A)(A ∩
B))F  AF , thus
AF =
(
O p
′
(A)(A ∩ B))F LF .
Now we suppose that O p
′
(A)(A ∩ B)  A. The subgroups O p′ (A)(A ∩ B) and B are mutually per-
mutable (cf. [6, Lemma 1]), so
(
O p
′
(A)(A ∩ B))F BF  G
by the choice of G . Since LF MF  G , also
AF BF =
(
O p
′
(A)(A ∩ B))F LF BF =
(
O p
′
(A)(A ∩ B))F (LF MF )BF  G,
a contradiction. Therefore A = O p′ (A)(A ∩ B), and B = O p′ (B)(A ∩ B) by symmetry.
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Applying Theorem C, we have O p
′
(A) AO p
′
(B), where AO p
′
(B)
(6)= AB = G by (6). We know
that also A ∩ B  G , so
AF  A
(6)= O p′ (A)(A ∩ B) G,
and analogously BF  B  G . Hence G ∈ F , as G (2)= 〈AF , BF 〉 is generated by subnormal F -
subgroups and F is a Fitting class. Since A, B  G , also A, B ∈ F , which yields the ﬁnal contra-
diction
AF BF = AB = G.
We conclude that AF BF is a subgroup of G in every mutually permutable product G = AB . Now it
is easy to see that AF and BF are actually mutually permutable. Since AF BF  G , we can apply [6,
Lemma 1] to deduce the mutual permutability of AF BF ∩ A and AF BF ∩ B . Using the subnormality
of A ∩ B in G , we have
AF BF ∩ A = AF (BF ∩ A ∩ B) = AF (A ∩ B)F = AF
and AF BF ∩ B = BF . This completes the proof of Theorem A. 
Proof of Theorem B. Let L and M be as in the proof above (cf. [8, Theorem 2]). Using AF BF  G , we
obtain LB ∩ AF BF = (LB ∩ A ∩ AF )BF = (L ∩ AF )BF = LF BF , where the last equality holds since
L A. In the same way, we conclude AM ∩ AF BF = AF MF , hence
LM ∩ AF BF = LB ∩ AM ∩ AF BF = LF BF ∩ AF MF = LF (BF ∩ AF )MF .
Here BF ∩ AF = BF ∩ AF ∩ (A ∩ B) = BF ∩ (A ∩ B)F = (A ∩ B)F as A ∩ B  G . It follows that
LM ∩ AF BF = LF (BF ∩ AF )MF = LF MF .
Since LF and MF are subnormal F -subgroups of G , the same is true for their product LF MF . We
deduce from
G ′ ∩ AF BF  LM ∩ AF BF = LF MF
that G ′ ∩ AF BF is subnormal in G and contained in F too, which concludes the proof of Theo-
rem B. 
Remark. In the light of Theorem B, one might ask if the subgroup AF BF itself is subnormal in G .
But this is not true in general, as the Fitting class of all 2-groups and the symmetric group S3 show,
where S3 is the mutually permutable product of its Sylow 3-subgroup and a Sylow 2-subgroup. In
contrast, for the Fitting class S of all soluble groups, it follows from [5, Theorem 4] that AS = GS ∩ A
and BS = GS ∩ B in every mutually permutable product G = AB , thus AS BS = (GS ∩ A)(GS ∩ B) is
normal in G by [6, Lemma 1].
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